
Lecture 6:  Modeling Molecular 
Cores as Bonnor-Ebert Spheres 

and Isothermal Spheres

B68, VLT
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Extinction map
Schmazl et al. 2010

Dark Clouds in Taurus



Properties of Taurus Cores
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Can Dense Cores be Supported by Thermal Pressure?



Are Dense Cores  Supported by Thermal Pressure Stable?



Solving for Hydrostaic 
Equilibrium in an 
Isothertmal Gas:

Bonnor-Ebert Spheres 
and Singuar Isothermal 

Spheres



The Spherical Core (Cow?)







By integrating these equations, we can solve for density 
and mass as a function of radius  for a given sound speed.

Solution for a Hydrostatic, Isothermal Core



The Singular Isothermal Sphere
As a boundary condition, we must adopt a value for ρ(0).
If ρ(0) -> infinity, we get a singular isothermal sphere
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Singular isothermal sphere
(limiting solution)Numerical solutions:



Numerical solutions:

The Bonnor-Ebert Sphere
As a boundary condition, we must adopt a value for ρ(0).
If ρ(0) is finite, we get a Bonnor-Ebert sphere
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Numerical solutions:
Plotted logarithmically
(which we will usually 
do from now on)

Bonnor-Ebert Sphere

The Bonnor-Ebert Sphere
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Numerical solutions:
Different starting ρo :
a family of solutions

r-2

flat

The Bonnor-Ebert Sphere
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Numerical solutions: Boundary condition:
Pressure at outer edge 
   = pressure of GMC

The Bonnor-Ebert Sphere
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Numerical solutions: Another boundary condition:
Mass of clump is given

One boundary 
condition too many!
Must replace ρc inner 
BC with one of outer 
BCs

The Bonnor-Ebert Sphere
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All solutions are scaled versions of each other!

The Bonnor-Ebert Sphere
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• Summary of BC problem:
–For inside-out integration the paramters are ρc and ro.
–However, the physical parameters are M and Po

• We need to reformulate the equations:
–Write everything dimensionless
–Consider the scaling symmetry of the solutions

The Bonnor-Ebert Sphere
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A dimensionless solution for 
the  Bonnor-Ebert Sphere





A dimensionless, scale-free formulation:

A direct relation between ρo/ρc and ξo

Remember:

The Bonnor-Ebert Sphere
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• We wish to find a recipe to find, for given M and Po, 
the following:
–ρc (central density of sphere)
–ro (outer radius of sphere)
–Hence: the full solution of the Bonnor-Ebert sphere

• Plan:
–Express M in a dimensionless mass ‘m’
–Solve for ρc/ρo (for given m)
    (since ρo follows from Po = ρocs2 this gives us ρc)

–Solve for ξo (for given ρc/ρo)
    (this gives us ro)

The Bonnor-Ebert Sphere
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The Bonnor-Ebert Sphere
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Dimensionless mass:

Recipe: Convert M in m (for given Po), find ρc/ρo from figure,
   obtain ρc, use dimless solutions to find ro, make BE sphere

The Bonnor-Ebert Sphere
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• Many modes of instability
• One is if      dPo/dro > 0

–Run-away collapse, or
–Run-away growth, followed by collapse

• Dimensionless equivalent:    dm/d(ρc/ρo) < 0

unstable

unstable

Stability of Bonnor-Ebert Spheres
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Maximum density ratio =1 / 14.1

Stability of Bonnor-Ebert Spheres
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Critical Pressure



Ways to cause BE sphere to collapse:
• Increase external pressure until MBE<M

• Load matter onto BE sphere until M>MBE

m1 = 1.18

The Bonnor-Ebert Mass
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Now plotting the x-axis linear (only up to ρc/ρo =14.1) 
and divide y-axis through BE mass:

Hydrostatic clouds with large ρc/ρo must be very rare...

The Bonnor-Ebert Mass
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Alves, Lada, Lada 2001

B68: A real Bonner-Ebert Sphere in Nature??



B68: A real Bonnor-Ebert Sphere in Nature??
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Alves et al 2001, Ward Thompson et al.. 1999, Bacman et al. 2000



The Dangers of Circularizing: 
A Faux Bonnor-Ebert Sphere
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Dynamic Cores in Hydrostatic Digusise

Javier Ballesteros-Paredes  et al. 2002



Summary
Dense cores have the radii, temperatures, and masses to 
be thermally supported and stable.  

We examine models of isothermal cores in hydrostatic 
equilibrium:

singular isothermal sphere: infinite central density and 
outer radius

Bonnor-Ebert sphere: finite central density and size, 
confined by external pressure.

Bonnor-Ebert sphere may be unstable if external pressure 
or mass is to high.

Actual cores have radial profiles similar to BE spheres,
but BE spheres are not a unique fit to the profiles.


